Thermal transport across the interfaces between few-layer graphene sheets and soft materials exhibits intriguing anomalies when interpreted using the classical Kapitza model, e.g. the conductance of the same interface differs greatly for different modes of interfacial thermal transport. Using atomistic simulations, we show that such thermal transport follows a nonlocal flux-temperature drop constitutive law and is characterized jointly by a quasi-local conductance and a nonlocal conductance instead of the classical Kapitza conductance. The nonlocal model enables rationalization of many anomalies of the thermal transport across embedded few-layer graphene sheets and should be used in studies of interfacial thermal transport involving few-layer graphene sheets or other ultra-thin layered materials.
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Heat conduction across the interfaces between two materials is often accompanied by a finite temperature jump T . The Kapitza model q = G k T (q : heat flux; G k : Kapitza conductance) is used universally to describe such interfacial transport [1] [2] [3] . Because interfacial thermal transport plays a key role in determining the performance of many nanodevices and nanomaterials, it has been studied extensively [4] [5] [6] [7] [8] . The majority of the prior work has focused on the thermal transport across the interfaces between bulk materials, including the use of methods such as lattice dynamics, Green's function techniques, and molecular dynamics (MD) [9] [10] [11] [12] [13] [14] [15] [16] . Such transport is now understood reasonably well [2, 17] . Recently, few-layer graphene sheets have emerged as promising new thermal materials due to their superior thermal properties [18] [19] [20] . The thermal transport across their interfaces with other materials has been studied intensively [13, [21] [22] [23] [24] [25] , and intriguing anomalies are emerging. Specifically, MD simulations showed that G k of similar interfaces can range from 20 to 170 MW m −2 K −1 depending on the method used to compute it (see table 1) [9-11, 13, 14] . Recently, we showed that G k between single-layer graphene sheets and oils depends on the modes of thermal transport: when heat enters a graphene sheet from one side of its basal plane and leaves through the other side (termed 'across' mode), the corresponding G k is ∼150 MW m −2 K −1 ; when heat enters/leaves a graphene sheet simultaneously from both sides of its basal plane (termed 'nonacross' mode), the corresponding G k is ∼5 MW m −2 K −1 [10] . These anomalies have been attributed to the resistance between the different phonon modes within graphene sheets [3, 9, 10] and the correlations between the thermal transport at a graphene sheet's two sides [10] . These useful insights, however, have not provided a quantitative model for the interfacial thermal transport. As such, the Kapitza model is used universally despite the above anomalies. More generally, the fact that G k of an interface depends very strongly on how thermal transport at the interface is probed (i.e., the 'mode' of interfacial thermal transport), is conceptually undesirable-G k should be a material property and thus independent of the mode of thermal transport. Therefore, there is a need to develop a better model for thermal transport at the interfaces between few-layer graphene sheets and bulk materials.
In this work, we examine the thermal transport across few-layer graphene sheets embedded in soft materials using MD simulations. We show that such thermal transport cannot be described by the Kapitza model even qualitatively. We then propose a nonlocal model for such transport. This model helps rationalize the anomalies of thermal transport across embedded few-layer graphene sheets and can be used in analysis of interfacial thermal transport involving few-layer graphene sheets and many other layered materials.
Anomalous interfacial thermal transport. Our MD system (see figure 1 ) features a two-layer graphene sheet embedded in octane fluids, whose thermal behavior is representative of soft materials. Graphene was modeled using the REBO potential [27] ; octane fluids were modeled using the force fields in [28] . The graphene-graphene and graphene-octane interactions were modeled using the Lennard-Jones potential with parameters derived from the Lorentz-Berthelot rules. Using a different model for the graphene, [29] whose form differs greatly from that of the REBO potentials, gave very similar results.
We performed three sets of simulations using the LAMMPS code [30] . In the first set of simulations, we studied the thermal transport through graphene sheets in the 'across mode' at steady state. The system was first equilibrated in the NVT ensemble (T = 300 K) for 2 ns and then in the NVE ensemble for 3 ns. These runs were followed by a production NVE run during which heat was added to (removed from) the heat source (sink) at −7 nm < x < −6 nm (13.5 nm < x < 14.5 nm) by velocity rescaling [11] to create a heat flux across the system (see online figure S1(a)). In the second set of simulations, we studied the thermal transport through graphene in the 'non-across mode' at steady state. These simulations differ from the first set of simulations in that during the production run, (1) heat was added into the graphene sheets and removed from the two heat sinks located in −7 nm < x < −6 nm and 6 nm < x < 7 nm, and (2) octane molecules in the region 7 nm < x < 14.5 nm were fixed (see online figure S1(b)). From the steady-state temperature profiles of the octane fluids and the graphene sheet, G k of the graphene-octane interface was computed using the Kapitza model. We obtained G k of 128 ± 14 MW m −2 K −1 and 13 ± 0.5 MW m −2 K −1 for the 'across' and the 'non-across' modes of thermal transport, respectively. These values and their large difference are similar to those reported previously [9] [10] [11] .
In the third set of simulations, we studied the thermal transport through graphene in the 'across mode' under nonsteady state conditions. These simulations were the same as those in the first set of simulations except that, during the production run, which began at t = 0 and lasted for 500 ps, heat was added into the heat source at a constant rate but not removed from the heat sink (see online figure S1(c)). We studied the same problem using continuum models 4 . The temperature of the octane fluids, T f , was modeled using
where a f is octane's thermal diffusivity. The graphene temperature, T g , was modeled using C g ∂T g /∂t = q 1 − q 2 , where C g is the Figure 1 . Schematics of the MD (a) and continuum (b) models used to study interfacial thermal transport across two-layer graphene sheets embedded in octane fluids. The MD system is periodic in all directions. The octane fluids and the graphene sheet have dimensions of 11.9 × 11.8 nm 2 in the yz-plane. The octane molecules in the region 14.5 nm < x < 17 nm are frozen to avoid thermal short-circuiting. The dashed boxes denote the observation windows (width: 1.1 nm) in which the average temperature of the octane fluids was monitored in non-steady simulations (see figure 2) . q 1,2 are the interfacial heat fluxes and T f,1,2 are the temperatures of the octane near the two surfaces of the graphene sheet. In (b), '1' ('2') denotes the left (right) surface of the graphene sheet. For clarity, only the portion of the system near the graphene sheet is shown. To drive thermal transport in the system, a heat source and sink were introduced (see text and figure S1(a)-(c)). graphene sheet's heat capacity, and q 1 and q 2 are the interfacial heat fluxes given by the Kapitza model (see figure 1(b)):
, where T f,1 and T f,2 are the temperature of the octane fluids on the graphene sheet's two surfaces. The lumped treatment of the graphene sheet is consistent with the fact that the individual layers of the graphene sheet are in excellent thermal contact [31, 32] . In separate simulations, a f and C g at 300 K were determined to be 7.75 × 10 −8 m 2 s −1 and 2.07 kJ kg −1 K −1 (see online supplementary data), respectively. The former value is ∼3% smaller than the experimental value [33] . The latter value agrees well with that reported in prior simulations [34] . To examine the interfacial thermal transport, we focus on the evolution of T g and the average temperature of the octane fluids in the two windows located within 1.1 nm from each side of the graphene (hereafter denoted asT f to rise as fast as or even faster than T g , an anomaly that differs qualitatively from the continuum prediction. In the continuum models, thermal transport is a diffusive, local process. In response to the heat added into a heat source, the temperature of the heat conduction medium (octane fluids and graphene sheet) rises slower as we move away from the heat source. We can prove that simulations based on the Kapitza model cannot reproduce the anomaly revealed by MD simulations for any choice of G k (see online supplementary data).
Nonlocal model. To rationalize the anomalies of interfacial thermal transport noted above, we replace the Kapitza model by a nonlocal constitutive law. For the interface sketched in figure 1(b) , where G ql and G nl are the quasi-local and the nonlocal conductance, respectively. The idea is that the heat flux at interface '1' is partly driven by the temperature drop across interface '2' and vice versa. To derive this model, we make two assumptions:
(1) interfacial thermal transport is dominated by the coupling between a small portion of the phonons in the graphene sheet (termed energy transport phonons) and the phonons in the fluids, (2) the heat capacity of the energy transport phonons is small compared to the net heat capacity of other phonons in the graphene sheet (termed energy storage phonons).
These assumptions are reasonable for few-layer graphene sheets embedded in soft materials. Specifically, previous simulations indicated that the thermal transport across graphene-polymer interfaces is dominated by flexural (ZA) phonons with frequency lower than 4 THz [9] . Because of the strong sp 2 bonds, the in-plane vibration in graphene sheets is dominated by high-frequency longitudinal and transverse modes [10, 11] . These phonons and the high-frequency ZA phonons dominate graphene's heat capacity, thus justifying assumption (2) . Denoting the temperature of the energy transport phonons and the energy storage phonons as T g,et and T g,es , assumption (2) implies T g ≈ T g,es . We introduce an internal conductance G i = q et→es /[n(T g,et − T g,es )] to describe the thermal transport from the energy transport phonons to the energy storage phonons in an n-layer graphene sheet, q et→es . We introduce an external conductance
to describe the thermal transport between the graphene sheet's energy transport phonons and phonons of its surrounding fluids. Since assumption 2 implies that the energy accumulation in the energy transport phonons is negligible, we eliminate T g,et from q 1 and q 2 , and obtain equations (1a) and (1b) with G ql = (nG i G e +G 2 e )/(nG i +2G e ) and G nl = G 2 e /(nG i + 2G e ). In the above derivation, the interfacial thermal transport is assumed to be intrinsically local, i.e.,
The non-locality of the overall thermal transport originates from the apparent absence of T g,et in equations (1a) and (1b). More fundamentally, the non-locality originates from the fact that, for few-layer graphene sheets embedded inside soft materials, the phonons that store most of the energy and the phonons that transport most of the energy reside in different parts of the spectrum and they are not in equilibrium. Such a separation of energy transport and storage phonons in solid materials has been shown to lead to nonlocal thermal transport involved in the transverse spin Seebeck effect [35] .
It is possible that thermal transport through graphenematrix interfaces is intrinsically nonlocal. We can derive a nonlocal constitutive law with a form that is the same as equations (1a) and (1b) (see online supplementary data) by postulating a nonlocal ansatz for q 1 in the spirit of general nonlocal transport theories [36, 37] and prior works on nonlocal thermal transport [38, 39] . We cannot yet isolate this possible intrinsic nonlocal effect using simulations because eliminating nonlocal effects associated with the separation of energy transport and storage phonons within embedded graphene sheets is difficult.
The Kapitza conductance G k can be related to G ql and G nl under special situations. The first situation is when T g = (T f,1 + T f,2 )/2, which was encountered in our first set of MD simulations described earlier. Here, the Kapitza model would predict the same thermal transport behavior as the nonlocal model if one sets
The second situation is when T f,1 = T f,2 , which is encountered in our second set of MD simulations. Here, for the Kapitza model to predict the same thermal transport behavior as the nonlocal model, one must set
For thin graphene sheets, nG i G e [9] and thus G nl should be close to G ql (see online supplementary data). Therefore, we expect that the apparent G k of the same interface to be much smaller in the second situation than in the first situation, in agreement with our MD data. Clearly, adopting the nonlocal model helps explain this anomaly. The third situation is when G nl G ql (or equivalently, nG i /G e 1), where we have G k ≈ G ql and the interfacial thermal transport is local. This situation is encountered in thick graphene sheets (see below).
Validation and applications of the nonlocal model. Beyond the situations presented above, it is difficult to relate G k to G ql and G nl , and the Kapitza model may fail qualitatively. Then, the nonlocal model must be used to describe the interfacial thermal transport. Here we revisit the transient heating problem in figure 2(a) through new continuum simulations in which the Kapitza model is replaced by equations (1a) and (1b). To determine G ql and G nl , we used the following approach. Based on the apparent G k determined in our first set of MD simulations, we obtained
We next tuned G ql and G nl under this constraint to examine whether our new continuum simulation can reproduce the evolution ofT (1) the good coupling between the energy transport phonons in the graphene sheet with surrounding fluids which allow heat that is transmitted to the energy transport phonons by fluids at the hot side to pass to the fluids at the cold side easily (thusT c f rises quickly) and (2) the poor coupling between the energy transport and storage phonons in the graphene sheet which hinders the transport of heat from the energy transport phonons to energy storage phonons (thus T g rises slowly). Note that the G ql and G nl fitted above gives a G e of 128 MW m
, which is consistent with good (poor) coupling between the energy transport phonons and the phonons of the surrounding fluids (the energy storage phonons of the graphene sheet). Hence the above effects are incorporated in the nonlocal model, which helps capture the key features of the temporal evolution ofT h f ,T c f , and T g . As a side note, using the G e and G i fitted above, we expect G nl G ql to hold (i.e., the interfacial thermal transport becomes local) only when there are at least tens of layers in the graphene sheet.
A more stringent test of the model is to check whether the transport properties obtained for a graphene-octane interface in one transport mode can be used to predict the thermal transport in other modes, for which the Kapitza model fails. To this end, recall that the nonlocal model predicts that the apparent Kapitza conductance of a graphene-octane interface is G k = G ql − G nl for the interfacial thermal transport examined in the second set of simulations (i.e., the 'non-across mode' at steady state). With the G ql and G nl fitted above, the nonlocal model predicts an apparent G k of 16.6 MW m −2 K −1 , which compares well with the 13.0 MW m
The nonlocal model also predicts other interesting phenomena. In the system shown in figure 1 , we injected heat into the graphene sheets and removed heat from a heat sink located at the left side of the graphene sheet to generate a heat flux of q = 500 MW m −2 K −1 from the graphene sheets to the heat sink (see figure 3 ). The Kapitza model predicts that the temperature of the graphene sheet is the same as that of the octane fluids at its right side, T f,R , i.e., T g = T f,R . The nonlocal model predicts that
Using the G ql and G nl extracted above, we obtained T g −T f,R = 13.1 K, which agrees reasonably well with the MD result of 18.9±1.1 K. To understand this phenomenon, we note that heat was injected into the graphene sheet through velocity rescaling. Hence most of the heat was injected into the high-frequency phonons (i.e., the energy storage phonons) [9] . Because of the small conductance between the energy storage and transport phonons, the temperature of the energy storage phonons is much higher than that of the energy transport phonons. The temperature of the graphene sheet is close to that of its energy storage phonons due to their large heat capacity. Since the energy transport phonons of the graphene sheet are in good equilibrium with the octane fluids at both sides, it follows that the temperature of the graphene sheet is higher than the octane fluids at both sides.
In summary, we proposed a nonlocal model for the thermal transport across few-layer graphene sheets embedded in soft materials. The model provides a more coherent description of the interfacial transport compared to the Kapitza model by characterizing such transport using a pair of conductances that are independent of the mode of thermal transport. The model is useful for interpreting experimental measurements of interfacial thermal conductance and could replace the Kapitza model, which, despite the recognition of its many potential limitations/anomalies [3] , is used universally because of the lack of a more effective model.
The non-locality of the interfacial thermal transport across graphene sheets embedded in soft materials originates from the properties that the energy transport and storage phonons are separated (with respect to frequency) and not in equilibrium. Since these properties are generic to thin, layered materials in which atoms of the same layer are strongly bonded (e.g. boron nitride and dichalcogenide sheets), the nonlocal model should be applicable to these materials. Validating the applicability of the nonlocal model for these thin layered materials and leveraging its predictions may create new opportunities for controlling thermal transport across interfaces.
